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Abstract
We discuss flavour dependent leptogenesis in the framework of lepton flavour models
based on discrete flavour and CP symmetries applied to the type-I seesaw model.
Working in the flavour basis, we analyse the case of two general residual CP symmetries
in the neutrino sector, which corresponds to all possible semi-direct models based on a
preserved Z2 in the neutrino sector, together with a CP symmetry, which constrains the
PMNS matrix up to a single free parameter which may be fixed by the reactor angle.
We systematically study and classify this case for all possible residual CP symmetries,
and show that the R-matrix is tightly constrained up to a single free parameter, with
only certain forms being consistent with successful leptogenesis, leading to possible
connections between leptogenesis and PMNS parameters. The formalism is completely
general in the sense that the two residual CP symmetries could result from any high
energy discrete flavour theory which respects any CP symmetry. As a simple example,
we apply the formalism to a high energy S4 flavour symmetry with a generalized CP
symmetry, broken to two residual CP symmetries in the neutrino sector, recovering
familiar results for PMNS predictions, together with new results for flavour dependent
leptogenesis.
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1 Introduction
The origin of matter-antimatter asymmetry in the Universe is a puzzling and unexplained
phenomenon. Although Sakharov discovered that CP violation is a necessary condition for
explaining the matter-antimatter asymmetry of the Universe [1], the the observed quark CP
violation is insufficient for this purpose [2]. However neutrino mass and mixing [3] provides a
new and viable source of CP violation. Since the leptonic reactor angle is quite sizeable, it is
possible that leptonic CP violation could be observed in the not-too-distant future through
neutrino oscillations. Indeed, a first tentative hint for a value of the CP-violating phase
δCP ∼ −pi/2 has been reported in global fits [4, 5, 6].
Perhaps the simplest and most elegant origin of small neutrino mass is the seesaw mech-
anism, in which the observed smallness of neutrino masses is due to the heaviness of right-
handed (RH) Majorana neutrinos [7]. The seesaw mechanism also provides an attractive
mechanism for understanding the matter-antimatter asymmetry of the Universe, namely
leptogenesis [8]. The idea is that out-of-equilibrium decays of RH neutrinos in the early
Universe, combined with CP violation of the Yukawa couplings, lead to a lepton asymme-
try which can be subsequently converted into a baryon asymmetry via sphaleron processes.
Thermal leptogenesis in particular is an attractive and minimal mechanism to generate the
Baryon Asymmetry of the Universe (BAU) which, normalised to the entropy density, is
YB = (0.87± 0.01)× 10−10 [9, 10]. In the simplest case, the lightest of the RH neutrinos are
produced by thermal scattering, and subsequently decay out-of-equilibrium, violating both
lepton number and CP symmetry, satisfying all of the Sakharov constraints.
The large lepton mixing angles motivate the use of discrete flavour symmetries,and this
approach has been widely explored (see e.g. [3] for recent reviews). The basic idea is that
there is a finite, non-Abelian flavour symmetry Gf at some high energy scale, with matter
falling into irreducible representations. The group Gf is then broken down to different
residual subgroups Gν and Gl in the neutrino and charged lepton sectors respectively. The
PMNS matrix is determined by the mismatch of the embedding of the residual subgroups
Gν and Gl into the flavour symmetry group Gf .
There are three possible implementations of flavour symmetries, known as “direct”,
“semi-direct” and “indirect” [3]. In the “direct” approach, all the low energy residual sym-
metry of the neutrino mass matrix is a subgroup of Gf such that both mixing angles and
Dirac phase would be predicted to be some constant values. However it is found that this
scheme requires a rather large group [11, 12, 13, 14], and the only viable mixing pattern is the
trimaximal mixing, with δCP being conserved. In the “semi-direct” approach, the symmetry
of the neutrino mass matrix is typically Z2 for Majorana neutrinos, which constrains only
the second column of the PMNS matrix to be (1, 1, 1)T/
√
3, and the reactor angle θ13 can
be accommodated with a small discrete group such as S4. In the “indirect” approach, the
flavour symmetry is completely broken such that the observed neutrino flavour symmetry
emerges indirectly as an accidental symmetry 1.
In order to constrain CP phases, one may extend the approach to include generalized
CP as a symmetry [16, 17]. This leads to a more predictive theory in which not only the
mixing angles but also the CP phases only depend on one single real parameter [16]. The
generalized CP symmetry was previously explored for continuous gauge groups [18, 19], as
well as for µ − τ reflection symmetry [20, 21, 22] which predicts a maximal Dirac phase
1For a discussion of leptogenesis in the “indirect” approach see e.g. [15].
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together with maximal atmospheric mixing. Non-maximal atmospheric mixing and non-
maximal CP violation can be obtained from a simple extension [23].
It is nontrivial to give a consistent definition of generalized CP transformations in the
presence of discrete flavour symmetry, certain consistency condition must be fulfilled [17, 24].
The relationship between neutrino mixing and CP symmetry has been clarified [25, 26,
27], and the master formula to reconstruct the PMNS matrix from any given remnant CP
transformation has been derived [25, 26]. The phenomenological predictions and model
building of combining discrete flavour symmetry with generalized CP have already been
studied for a number of groups in the literature, e.g. A4 [28], S4 [16, 29, 30, 31, 32, 33],
A5 [34, 35, 36, 37], ∆(27) [38, 39], ∆(48) [40, 41], ∆(96) [42] and the infinite series of finite
groups ∆(3n2) [43, 44], ∆(6n2) [43, 45, 46] and D
(1)
9n,3n [47].
In this paper we discuss flavour dependent leptogenesis in the framework of lepton flavour
models based on discrete flavour and CP symmetries applied to the type-I seesaw model.
Working in the flavour basis in which both charged lepton and RH neutrino mass matrices
are diagonal, we analyse the case of two general residual CP symmetries in the neutrino
sector [25, 26] which corresponds to all possible semi-direct models based on a preserved Z2
in the neutrino sector, together with a CP symmetry, which constrains the PMNS matrix up
to a single free parameter which may be fixed by the reactor angle. We systematically study
and classify this case for all possible residual CP symmetries, and show that the R-matrix
is always tightly constrained up to a single free parameter, with only certain forms being
consistent with successful leptogenesis, leading to possible connections between leptogenesis
and PMNS parameters. The formalism is completely general in the sense that the two
residual CP symmetries could result from any high energy discrete flavour theory which
respects any CP symmetry. As a simple example, we apply the formalism to a high energy
S4 flavour symmetry with a generalized CP symmetry, broken to two residual CP symmetries
in the neutrino sector, recovering familiar results for PMNS predictions, together with new
results for flavour dependent leptogenesis.
The layout of the remainder of the paper is as follows. In section 2 we briefly review
the typical scenario of leptogenesis from the lightest RH neutrino decay, and we present a
summary of the results for the lepton asymmetry α, the washout mass parameter m˜α and
the analytical approximations to the baryon asymmetry which are used in our analysis. In
section 3 the case of two residual CP transformations in the neutrino sector is studied. The
lepton mixing angles and CP violating phases are determined in terms of a single real pa-
rameter θ in this case, and we find that the R-matrix only depend on one parameter η. A
generic parametrization for the residual CP transformations and the R-matrix is presented.
We comment that all the leptogenesis CP asymmetries would be vanishing if there are three
or four residual CP transformations. In section 4, as an application of our formalism, the pre-
dictions for the leptogenesis are studied in the case that the two residual CP transformations
originate from the breaking of the generalized CP symmetry compatible with the S4 flavour
symmetry. We summarize our main results in section 5. In appendix A the consequence of
residual flavour symmetry on leptogenesis is discussed. In the case that the residual flavour
symmetry of the neutrino sector is Z2, only one column of the mixing matrix turns out to be
determined, the R-matrix would be block diagonal and it depends on two real parameters.
In this case, the total CP asymmetry 1 is generically nonzero, and therefore unflavoured
leptogenesis could be feasible. On the other hand, if the full Klein group is preserved in the
neutrino sector, the R-matrix would be constrained to be permutation matrix with entries
±1. As a result, the CP asymmetry α is vanishing. This conclusion is independent of the
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explicit form of the residual flavour symmetry transformations. In appendix B we show that
our general results hold true no matter whether the RH neutrino mass matrix is diagonal or
not in a model.
2 Basic aspects of leptogenesis
We will consider the classic example of leptogenesis from the lightest RH neutrino N1 (the
so-called N1 leptogenesis) in the type-I seesaw model [7]. Without loss of generality, we will
choose to work in the basis where both the heavy neutrinos Ni and the charged leptons mass
terms are diagonal. Then the most general gauge invariant Lagrangian relevant to lepton
masses and flavour mixing can be written as
− L = yαL¯αHlαR + λiαN¯iRH˜†Lα + 1
2
MiN¯iRN
c
iR + h.c. , (2.1)
where Mi are the Majorana masses of the RH neutrinos, Lα and lαR denote respectively
the left-handed (LH) lepton doublet and RH lepton singlet fields of flavour α = e, µ, τ with
Lα = (ναL, lαL), H˜ = iσ2H
∗ and H = (H+, H0) is the Higgs doublet field whose neutral
component has a vacuum expectation equal to v = 174 GeV. At energies below the heavy
Majorana neutrino mass scale M1, the heavy Majorana neutrino fields are integrated out and
after the breaking of the electroweak symmetry, a Majorana mass term for the LH flavour
neutrinos is generated, and the effective light neutrino mass matrix is of the following form:
mν = v
2λTM−1λ = U∗mU † , (2.2)
where U is the PMNS matrix, M ≡ diag(M1,M2,M3) and m ≡ diag(m1,m2,m3). The CP
asymmetry generated in the N1 decay process N1 → lα + H, α = e, µ, τ process is given by
by [48, 49, 50, 51, 52]
α≡ Γ(N1 → Hlα)− Γ(N1 → Hlα)∑
α[Γ(N1 → Hlα) + Γ(N1 → Hlα)]
(2.3)
=
1
8pi(λλ†)11
∑
j 6=1
{
Im
[
(λλ†)1jλ1αλ∗jα
]
g(xj) + Im
[
(λλ†)j1λ1αλ∗jα
] 1
1− xj
}
, (2.4)
where xj ≡M2j /M21 , and the loop function is
g(x) =
√
x
[ 1
1− x + 1− (1 + x) ln
(1 + x
x
)] ≡ √x
1− x + f(x) . (2.5)
The part proportional to f(x) is the contribution from the one-loop vertex corrections,
and the the rest is the contribution from the self-energy corrections. We assume that the
heavy Majorana neutrinos Ni have a hierarchical mass spectrum, M2,3 M1 which implies
x2,3  1. In the limit x 1, g(x) can be expanded into
g(x) = −3
2
x−1/2 − 5
6
x−3/2 +O(x−5/2), for x 1 . (2.6)
As a result, the asymmetry parameter α approximately is
α ' − 3
16pi
∑
j 6=1
M1
Mj
Im
[
(λλ†)1jλ1αλ∗jα
]
(λλ†)11
. (2.7)
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In order to exploit the connection between the CP violating parameters in leptogenesis and
the low energy CP violating phases in the PMNS matrix, we shall use the well-known Casas-
Ibarra parametrization [53] of the neutrino Yukawa matrix:
λ =
1
v
√
MR
√
mU † , (2.8)
where R is a generic complex orthogonal matrix satisfying RRT = RTR = 1. Then the
flavoured CP asymmetry can be expressed as [52, 54, 55, 56, 57, 58]
α = − 3M1
16piv2
Im
(∑
ij
√
mimjmjR1iR1jU
∗
αiUαj
)
∑
jmj|R1j|2
. (2.9)
Solving the Boltzmann equations for each flavour, one finds that the lepton asymmetry Yα
(normalized to the entropy s) in flavour α is [51, 50, 59]
Yα ' α
g∗
η(m˜α) , (2.10)
where g∗ is the number of relativistic degrees of freedom in the thermal bath, and g∗ = 106.75
in the SM. The washout mass m˜α parameterizes the decay rate of N1 to the leptons of flavour
α with
m˜α =
|λ1α|2v2
M1
=
∣∣∣∑
j
m
1/2
j R1jU
∗
αj
∣∣∣2 . (2.11)
The efficiency factor η(m˜α) accounts for the washing out of the lepton asymmetry Yα due
to the inverse decay and lepton number violating scattering. The leptogenesis takes place
at temperatures T ∼ M1. For M1 > 1012 GeV, the interactions mediated by all the three
charged lepton Yukawa are out of equilibrium, and consequently all lepton flavours are
indistinguishable. Summing over all flavours, one finds
1 =
∑
α
α = − 3M1
16piv2
∑
im
2
i Im
(
R21i
)∑
jmj|R1j|2
, (2.12)
The final baryon asymmetry is proportional to 1. For 10
9 GeV ≤ M1 ≤ 1012 GeV, only
the interactions mediated by the τ Yukawa coupling are in equilibrium and the final baryon
asymmetry is well approximated by [50, 54]
YB ' − 12
37 g∗
[
2η
(
417
589
m˜2
)
+ τη
(
390
589
m˜τ
)]
, (2.13)
where 2 = e + µ, m˜2 = m˜e + m˜µ and
η(m˜α) '
[(
m˜α
8.25× 10−3 eV
)−1
+
(
0.2× 10−3 eV
m˜α
)−1.16 ]−1
. (2.14)
For a heavy Majorana massM1 < 10
9 GeV, both τ and µ Yukawa couplings are in equilibrium
such that all the three flavour can be resolved, and the final value of the baryon asymmetry
can be estimated via [50].
YB ' − 12
37 g∗
[
eη
(
151
179
m˜e
)
+ µη
(
344
537
m˜µ
)
+ τη
(
344
537
m˜τ
)]
, (2.15)
Generally the predicted baryon asymmetry would be too small to account for the observed
value in this scenario.
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3 Leptogenesis and residual CP
We suppose that both the neutrino Yukawa coupling λ and the RH neutrino mass matrix
M are invariant under the following two residual CP transformations:
CP1 : νL 7−→ iXν1γ0νcL , NR 7−→ iX̂N1γ0N cR ,
CP2 : νL 7−→ iXν2γ0νcL , NR 7−→ iX̂N2γ0N cR (3.1)
with Xν1 6= Xν2 and X̂N1 6= X̂N2. As a consequence, λ and M have to fulfill
X̂†N1λXν1 = λ
∗, X̂†N1MX̂
∗
N1 = M
∗, (3.2a)
X̂†N2λXν2 = λ
∗, X̂†N2MX̂
∗
N2 = M
∗ . (3.2b)
Since the RH neutrino mass matrix M is chosen to be diagonal for convenience, the residual
CP transformations X̂R1 and X̂R2 must be diagonal with entries +1 or −1. i.e.,
X̂N1, X̂N2 = diag(±1,±1,±1) , (3.3)
From Eq. (3.2a) and Eq. (3.2b), we can find that the light neutrino mass matrix mν satisfies
XTν1mνXν1 = m
∗
ν , X
T
ν2mνXν2 = m
∗
ν . (3.4)
The constraint on the PMNS matrix U can be obtained by substituting mν = U
∗mU † into
Eq. (3.4), we have (
U †Xν1U∗
)T
m
(
U †Xν1U∗
)T
= m,(
U †Xν2U∗
)T
m
(
U †Xν2U∗
)T
= m. (3.5)
Since the three light neutrino masses are not degenerate m1 6= m2 6= m3, the following
equalities have to be satisfied
U †Xν1U∗ = X̂ν1, U †Xν2U∗ = X̂ν2 , (3.6)
where
X̂ν1, X̂ν2 = diag (±1,±1,±1) . (3.7)
Obviously both residual CP transformations Xν1 and Xν2 are symmetric matrices. In this
scenario, a residual Z2 flavour symmetry is generated by the postulated residual CP trans-
formations, and its nontrivial element is
Gν ≡ Xν1X∗ν2 = Xν2X∗ν1 = UX̂ν1X̂ν2U † , (3.8)
with
GTνmνGν = mν , G
2
ν = 1 . (3.9)
It is easy to check that the restricted consistency condition between the residual flavour and
CP symmetries is fulfilled:
Xν1G
∗
νX
†
ν1 = Gν , Xν2G
∗
νX
†
ν2 = Gν . (3.10)
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Only column of the mixing matrix U would be fixed by Gν , it can always be set to be real
by redefining the charged lepton fields, and its most general parametrization is
v1 =
 cosϕsinϕ cosφ
sinϕ sinφ
 , (3.11)
which leads to
Gν = 2v1v
T
1 − 1 , (3.12)
where we choose det(Gν) = 1. As shown in Refs. [25, 26], Xν1 and Xν2 can be parameterized
as
Xν1 = e
iκ1v1v
T
1 + e
iκ2v2v
T
2 + e
iκ3v3v
T
3 , Xν2 = e
iκ1v1v
T
1 − eiκ2v2vT2 − eiκ3v3vT3 , (3.13)
where κ1,2,3 are real parameters, and both v2 and v3 are orthonormal to v1 with
v2 =
 sinϕ cos ρ− sinφ sin ρ− cosϕ cosφ cos ρ
cosφ sin ρ− cosϕ sinφ cos ρ
 , v3 =
 sinϕ sin ρsinφ cos ρ− cosϕ cosφ sin ρ
− cosφ cos ρ− cosϕ sinφ sin ρ
 .(3.14)
Solving the constraint of Eq. (3.6) imposed by Xν1 and Xν2, we can find that the mixing
matrix U is determined to be [25, 26]
U = (v1, v2, v3) diag
(
eiκ1/2, eiκ2/2, eiκ3/2
)1 0 00 cos θ sin θ
0 − sin θ cos θ
PνX̂− 12ν1 , (3.15)
where θ is a real free parameter, X̂
−1/2
ν1 is the CP parity of the neutrino states and it renders
the neutrino mass m positive definite. Pν is a generic permutation matrix satisfying
X̂ν1X̂ν2 = P
T
ν diag (1,−1,−1)Pν . (3.16)
Since the ordering of the light neutrino masses can not be predicted in the present approach,
the three columns of U can be permutated by Pν . Note that there are totally six 3 × 3
permutation matrices:
P123 =
1 0 00 1 0
0 0 1
 , P132 =
1 0 00 0 1
0 1 0
 , P213 =
0 1 01 0 0
0 0 1
 ,
P231 =
0 1 00 0 1
1 0 0
 , P312 =
0 0 11 0 0
0 1 0
 , P321 =
0 0 10 1 0
1 0 0
 .
(3.17)
Furthermore, the Casas-Ibarra parametrization in Eq. (2.8) yields
R = vM−
1
2λUm−
1
2 . (3.18)
With the symmetry properties of λ and U , it is straightforward to find that the residual CP
transformations impose the following constraints on the orthogonal matrix R,
X̂N1R
∗X̂ν1 = R, X̂N2R∗X̂ν2 = R , (3.19)
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which implies
R = X̂N1X̂N2RX̂ν1X̂ν2 . (3.20)
For convenience, we denote
X̂N1X̂N2 = P
T
Ndiag(1,−1,−1)PN , (3.21)
where PN is a permutation matrix. Then Eq. (3.20) gives rise to
PNRP
T
ν = diag (1,−1,−1)PNRP Tν diag (1,−1,−1) . (3.22)
Therefore the (12), (13), (21) and (31) entries of PNRP
T
ν should be vanishing, i.e.
PNRP
T
ν =
× 0 00 × ×
0 × ×
 , (3.23)
where the notation “×” denotes a nonzero matrix element. It is remarkable that the or-
thogonal matrix R has four zero elements independent of the concrete form of the imposed
two residual CP transformations. Once the permutation matrices PN and Pν are fixed, the
position of zero elements can be determined. Furthermore, taking the determinant of the
both sides of R = X̂N1R
∗X̂ν1, we obtain det
(
X̂N1X̂ν1
)
= 1. Because Eq. (3.19) is invariant
under the transformation X̂N1 → −X̂N1 and X̂ν1 → −X̂ν1, it is sufficient to consider the
following values of X̂N1 and X̂ν1,
diag(1, 1, 1) , diag(1,−1,−1) , diag(−1, 1,−1) , diag(−1,−1, 1) . (3.24)
The explicit forms of R for all possible values of X̂N1 and X̂ν1 are collected in table 1. Notice
that the same results would be obtained if we consider the constraint R = X̂N2R
∗X̂ν2 instead.
The most important thing is that the R-matrix only depends on a single real parameter η
in the present approach.
Furthermore, we find that the non-vanishing element of R is either real or pure imaginary.
As a consequence, the total lepton asymmetry 1 in Eq. (2.12) would be vanishing in our
scenario, i.e.
1 = e + µ + τ = 0 . (3.25)
This is to say, the leptogenesis can not proceed at high energy scale T ∼ M1 > 1012 GeV.
Hence we shall be concerned with the temperatures 109 GeV ≤ T ∼ M1 ≤ 1012 GeV in the
present work. From Eqs. (2.9,2.11) we can see that only the first row of R is relevant to
α, m˜α and therefore YB. There can only be one or two nonzero elements in each row and
each column of R, as shown in Eq. (3.23). For the case that only one of R11, R12 and R13 is
nonvanishing, the asymmetry parameter α would be zero α = 0 and consequently it is not
viable. If two elements among R11, R12 and R13 are nonvanishing, depending on the values
of Pν , we could have three possible cases named as C12, C13 and C23,
C12 : R =
(×× 0
...
)
, C13 : R =
(× 0×
...
)
, C23 : R =
(
0 ××
...
)
. (3.26)
For Pν = P312 or P321, the case C12 stands out. For Pν = P213, P231, it is C13. The R-matrix
would be of the form C23 in the case of Pν = P123, P132. In order to facilitate the discussions
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PNX̂N1P
T
N PνX̂ν1P
T
ν PNRP
T
ν
diag(1, 1, 1) diag(1, 1, 1)
±1 0 00 cos η sin η
0 − sin η cos η

diag(1, 1, 1) diag(1,−1,−1) 7
diag(1, 1, 1) diag(−1, 1,−1) 7
diag(1, 1, 1) diag(−1,−1, 1) 7
diag(1,−1,−1) diag(1, 1, 1) 7
diag(1,−1,−1) diag(1,−1,−1)
±1 0 00 cos η sin η
0 − sin η cos η

diag(1,−1,−1) diag(−1, 1,−1) 7
diag(1,−1,−1) diag(−1,−1, 1) 7
diag(−1, 1,−1) diag(1, 1, 1) 7
diag(−1, 1,−1) diag(1,−1,−1) 7
diag(−1, 1,−1) diag(−1, 1,−1)
±1 0 00 cosh η i sinh η
0 −i sinh η cosh η

diag(−1, 1,−1) diag(−1,−1, 1)
±1 0 00 i sinh η cosh η
0 cosh η −i sinh η

diag(−1,−1, 1) diag(1, 1, 1) 7
diag(−1,−1, 1) diag(1,−1,−1) 7
diag(−1,−1, 1) diag(−1, 1,−1)
±1 0 00 i sinh η cosh η
0 cosh η −i sinh η

diag(−1,−1, 1) diag(−1,−1, 1)
±1 0 00 cosh η i sinh η
0 −i sinh η cosh η

Table 1: The explicit form of R-matrix for different possible values X̂N1 and X̂ν1, where η is a real free
parameter.
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in the following, we would like to separate the CP parity matrices X̂N1 and X̂ν1 explicitly
in both R and U , and define
U ′ ≡ UXˆ1/2ν1 , R′ ≡ Xˆ1/2N1RXˆ1/2ν1 , Kj ≡ (XˆN1)11(Xˆν1)jj . (3.27)
Then R′ would be a block diagonal real matrix, the value of Kj is +1 or −1, and U ′ is given
by
U = (v1, v2, v3) diag
(
eiκ1/2, eiκ2/2, eiκ3/2
)1 0 00 cos θ sin θ
0 − sin θ cos θ
Pν . (3.28)
The asymmetry α and the washout mass m˜α can be written as
α =− 3M1
16piv2
Im
(∑
i,j
√
mimjmjR
′
1iR
′
1jU
′∗
αiU
′
αjKj
)
∑
jmj(R
′
1j)
2
, (3.29)
m˜α =
∣∣∣∑
j
m
1/2
j R
′
1jU
′
αj
∣∣∣2 . (3.30)
For each interesting case Cab shown in Eq. (3.26) with ab = 12, 13 and 23, we find both α
and m˜α take a rather simple form
α =− 3M1
16piv2
Wab I
α
ab , (3.31)
m˜α =
∣∣∣m1/2a R′1aU ′αa +m1/2b R′1bU ′αb∣∣∣2 , (3.32)
where
Wab =
√
mambR
′
1aR
′
1b(maKa −mbKb)
ma(R′1a)2 +mb(R
′
1b)
2
, Iαab = Im
(
U ′αaU
′∗
αb
)
. (3.33)
Notice that the lepton asymmetry α are closely related to the lower energy CP phases. If
both Dirac phase δCP and the Majorana phases α21 and α31 are trivial, then α would be
vanishing. The observation of CP violation in future neutrino oscillation and neutrinoless
double decay experiments would imply the existence of a baryon asymmetry. For all the three
cases C12, C13 and C23 and all possible values of K1, K2 and K3, we list the parametrization
of the first column of R′ and corresponding expressions of W12, W13 and W23 in table 2.
For the residual CP transformations Xν1, Xν2 in Eq. (3.13) and the resulting lepton mixing
matrix U given by Eq. (3.15), the analytical expressions of the rephase invariant Iαab for
different cases are summarized in table 3. It is surprising that we have
Ieab = ±J1, Iµab = ±J2, Iτab = ±J3 , (3.34)
with ab = 12, 13, 23. The “+” and “−” signs in Eq. (3.34) depend on the value of the
permutation matrix Pν . The parameters J1,2,3 are given by
J1 =
1
2
sin 2ρ sin2 ϕ sin
κ2 − κ3
2
,
J2 =
1
8
[(
2 cos 2ϕ cos2 φ+ 3 cos 2φ− 1) sin 2ρ− 4 cos 2ρ cosϕ sin 2φ] sin κ2 − κ3
2
,
J3 =
1
8
[(
2 cos 2ϕ sin2 φ− 3 cos 2φ− 1) sin 2ρ+ 4 cos 2ρ cosϕ sin 2φ] sin κ2 − κ3
2
.(3.35)
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Case Cab (K1, K2, K3) (R
′
11, R
′
12, R
′
13) Wab
a = 1, b = 2
(+, +, ) (cos η, sin η, 0)
√
m1m2(m1−m2) sin η cos η
m1 cos2 η+m2 sin
2 η
(+, −, ) (cosh η, sinh η, 0)
√
m1m2(m1+m2) sinh η cosh η
m1 cosh
2 η+m2 sinh
2 η
(−, +, ) (sinh η, cosh η, 0) −
√
m1m2(m1+m2) sinh η cosh η
m1 sinh
2 η+m2 cosh
2 η
a = 1, b = 3
(+,  ,+) (cos η, 0, sin η)
√
m1m3(m1−m3) sin η cos η
m1 cos2 η+m3 sin
2 η
(+,  ,−) (cosh η, 0, sinh η)
√
m1m3(m1+m3) sinh η cosh η
m1 cosh
2 η+m3 sinh
2 η
(−,  ,+) (sinh η, 0, cosh η) −
√
m1m3(m1+m3) sinh η cosh η
m1 sinh
2 η+m3 cosh
2 η
a = 2, b = 3
( ,+, +) (0, cos η, sin η)
√
m2m3(m2−m3) sin η cos η
m2 cos2 η+m3 sin
2 η
( ,+, −) (0, cosh η, sinh η)
√
m2m3(m2+m3) sinh η cosh η
m2 cosh
2 η+m3 sinh
2 η
( ,−, +) (0, sinh η, cosh η) −
√
m2m3(m2+m3) sinh η cosh η
m2 sinh
2 η+m3 cosh
2 η
Table 2: The parametrization of the first column of R′ and the corresponding predictions for W12, W13 and
W23 in the three interesting cases C12, C13 and C23, where the symbol “” denotes that the element can be
either +1 or −1.
We see that all the rephase invariants are proportional to sin κ2−κ3
2
such that the asymmetry
parameter α is vanishing α = 0 in the case of κ2 = κ3. Moreover, it is notable that all
these rephase invariants are completely fixed by the imposed residual CP transformations,
and the free parameter θ is not involved. Nevertheless, the washout mass m˜α depends on
θ whose value can be determined by the measured values of the reactor angle θ13. Once
the residual CP transformations are specified, i.e. inputting the values of the parameters ϕ,
φ, ρ, κ1, κ2 and κ3, the predictions for α and m˜α can be straightforwardly extracted from
Eq. (3.31) and Eq. (3.32). Before studying some specific examples in section 4, we would
like to perform a most general discussion in which U ′ is parameterized as [60]:
U ′ =
 c12c13 s12c13 s13e−iδCP−s12c23 − c12s13s23eiδCP c12c23 − s12s13s23eiδCP c13s23
s12s23 − c12s13c23eiδCP −c12s23 − s12s13c23eiδCP c13c23
 diag(1, eiα212 , eiα312 ) ,
(3.36)
where cij ≡ cos θij and sij ≡ sin θij. Notice that the neutrino mixing matrix U differs from
U ′ in the inclusion of the CP parity matrix X̂−/12ν1 . Consequently α21 and α31 here may be
distinct from the usually called Majorana phases by pi depending on the values of K1, K2,
and K3. Now we proceed to consider the three cases C12, C13 and C23 in turn.
• Case C12
11
Pν = P312 Pν = P321
Case C12
Ie12 J1 −J1
Iµ12 J2 −J2
Iτ12 J3 −J3
Pν = P213 Pν = P231
Case C13
Ie13 J1 −J1
Iµ13 J2 −J2
Iτ13 J3 −J3
Pν = P123 Pν = P132
Case C23
Ie23 J1 −J1
Iµ23 J2 −J2
Iτ23 J3 −J3
Table 3: The analytical expressions of the rephase invariants Iαab for all the three cases C12, C13 and C23,
where J1, J2 and J3 are given in Eq. (3.35).
The asymmetry parameter α is predicted to be
e =
3M1
16piv2
W12 c12s12c
2
13 sin
α21
2
,
µ =− 3M1
16piv2
W12
[
c12s12 sin
α21
2
(
c223 − s213s223
)− c23s13s23 (s212 sin(δCP + α212 ) + c212 sin(δCP − α212 ))] ,
τ =− 3M1
16piv2
W12
[
c12s12 sin
α21
2
(
s223 − c223s213
)
+ c23s13s23
(
s212 sin(δCP +
α21
2
) + c212 sin(δCP −
α21
2
)
)]
.(3.37)
The washout mass m˜α is
m˜e =
∣∣∣√m1R′11c12c13 +√m2R′12e iα212 s12c13∣∣∣2 ,
m˜µ =
∣∣∣√m1R′11 (s12c23 + eiδCP c12s13s23)−√m2R′12e iα212 (c12c23 − eiδCP s12s13s23)∣∣∣2 ,
m˜τ =
∣∣∣√m1R′11 (s12s23 − eiδCP c12s13c23)−√m2R′12e iα212 (c12s23 + eiδCP s12s13c23)∣∣∣2 .(3.38)
We see that both α and m˜α are dependent on the CP-violating phases δCP and α21
while α31 is not involved. We display the contour regions of YB/Y
obs
B in the α21−η plane
in figure 1. We see that the observed baryon asymmetry can be generated except for
(K1, K2) = (+,+). In figure 2, the values of YB/Y
obs
B with respect to the parameter η
are plotted for some representative values of α21 = −pi, −pi/2, 0, pi/2 and pi.
• Case C13
In this case, α and m˜α are of the following forms:
e =
3M1
16piv2
W13 c12c13s13 sin(
α31
2
− δCP ) ,
µ =− 3M1
16piv2
W13 c13s23
[
c12s13s23 sin(
α31
2
− δCP ) + s12c23 sin α31
2
]
,
τ =− 3M1
16piv2
W13 c13c23
[
c12s13c23 sin(
α31
2
− δCP )− s12s23 sin α31
2
]
,
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Figure 1: The contour plots of YB/Y
obs
B in the plane α21 versus η for the case C12, where we take M1 =
5×1011 GeV, the lightest neutrino massm1(orm3) = 0.01eV, and the Dirac phase δCP = −pi/2. The neutrino
oscillation parameters θ12, θ13, θ23, ∆m
2
21 and ∆m
2
31 (or ∆m
2
32) are fixed at their best fit values [4]. The
dashed line represents the experimentally observed values of the baryon asymmetry Y obsB = 8.66×10−11 [10].
Note that the realistic value of YB can not be obtained in the case of (K1,K2) = (+,+).
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Figure 2: Predictions for YB/Y
obs
B as a function of η for the case C12, where we take M1 = 5 × 1011 GeV,
the lightest neutrino mass m1(orm3) = 0.01eV, and the Dirac phase δCP = −pi/2. The neutrino oscillation
parameters θ12, θ13, θ23, ∆m
2
21 and ∆m
2
31 (or ∆m
2
32) are fixed at their best fit values [4]. The red dotted,
blue long dashed, yellow solid, green dash-dotted and purple dash-dot-dotted lines correspond to α21 = −pi,
−pi/2, 0, pi/2 and pi respectively. The experimental observed value Y obsB is represented by the horizontal
dashed line.
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m˜e =
∣∣∣√m1R′11c12c13 +√m3R′13 e i(α31−2δCP )2 s13∣∣∣2 ,
m˜µ =
∣∣∣√m1R′11 (s12c23 + eiδCP c12s13s23)−√m3R′13 e iα312 c13s23∣∣∣2 ,
m˜τ =
∣∣∣√m1R′11 (s12s23 − eiδCP c12s13c23)+√m3R′13 e iα312 c13c23∣∣∣2 , (3.39)
which are functions of δCP and α31. We show the contour regions of YB/Y
obs
B in the plane
α31 versus η in figure 3. As can be seen, the measured value of YB can be reproduced
except the case of NH with (K1, K3) = (−,+). The variation of YB/Y obsB with η for the
representative values α31 = −pi, −pi/2, 0, pi/2 and pi are plotted in figure 4.
Figure 3: The contour plots of YB/Y
obs
B in the α31 − η plane for the case C13, where we take M1 =
5×1011 GeV, the lightest neutrino massm1(orm3) = 0.01eV, and the Dirac phase δCP = −pi/2. The neutrino
oscillation parameters θ12, θ13, θ23, ∆m
2
21 and ∆m
2
31 (or ∆m
2
32) are fixed at their best fit values [4]. The
dashed line represents the experimentally observed values of the baryon asymmetry Y obsB = 8.66×10−11 [10].
Note that the realistic value of YB can not be obtained in the case of NH neutrino mass spectrum with
(K1,K3) = (−,+).
• Case C23
In this case, we find that both α and m˜α depend on δCP and α21 − α31 as follows
e =− 3M1
16piv2
W23 s12c13s13 sin(
α21 − α31
2
+ δCP ) ,
µ =
3M1
16piv2
W23 c13s23
[
s12s13s23 sin(
α21 − α31
2
+ δCP )− c12c23 sin α21 − α31
2
]
,
τ =
3M1
16piv2
W23 c13c23
[
s12s13c23 sin(
α21 − α31
2
+ δCP ) + c12s23 sin
α21 − α31
2
]
,
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Figure 4: Predictions for YB/Y
obs
B as a function of η for the case C13, where we take M1 = 5× 1011 GeV,
the lightest neutrino mass m1(orm3) = 0.01eV, and the Dirac phase δCP = −pi/2. The neutrino oscillation
parameters θ12, θ13, θ23, ∆m
2
21 and ∆m
2
31 (or ∆m
2
32) are fixed at their best fit values [4]. The red dotted,
blue long dashed, yellow solid, green dash-dotted and purple dash-dot-dotted lines correspond to α31 = −pi,
−pi/2, 0, pi/2 and pi respectively. The experimental observed value Y obsB is represented by the horizontal
dashed line.
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m˜e =
∣∣∣√m2R′12 s12c13 +√m3R′13 e− i(α21−α31+2δCP )2 s13∣∣∣2 ,
m˜µ =
∣∣∣√m2R′12 (c12c23 − eiδCP s12s13s23)+√m3R′13 e− i(α21−α31)2 c13s23∣∣∣2 ,
m˜τ =
∣∣∣√m2R′12 (c12s23 + eiδCP s12s13c23)−√m3R′13 e− i(α21−α31)2 c13c23∣∣∣2 . (3.40)
We show the contour regions of YB/Y
obs
B in the plane α21 − α31 versus η in figure 5. As
can be seen, the measured value of YB can be reproduced for appropriate values of η and
α21 − α31 except for the case of NH with (K2, K3) = (−,+) and IH with (K2, K3) =
(+,−). The variation of YB/Y obsB with η for the representative values α21 − α31 = −pi,
−pi/2, 0, pi/2 and pi are plotted in figure 6.
Figure 5: The contour plots of YB/Y
obs
B in the plane α21−α31 versus η for the case C23, where we take M1 =
5×1011 GeV, the lightest neutrino massm1(orm3) = 0.01eV, and the Dirac phase δCP = −pi/2. The neutrino
oscillation parameters θ12, θ13, θ23, ∆m
2
21 and ∆m
2
31 (or ∆m
2
32) are fixed at their best fit values [4]. The
dashed line represents the experimentally observed values of the baryon asymmetry Y obsB = 8.66×10−11 [10].
Note that the realistic value of YB can not be obtained in the case of NH with (K2,K3) = (−,+) and IH
with (K2,K3) = (+,−).
In the end of this section, we shall comment on the scenario that three or four residual CP
transformations are preserved at low energy scale. Notice that the effective light neutrino
mass mν admits at most four remnant CP transformations and only three of them are
independent [25, 26]. In this case, a Klein four residual flavour symmetry would be generated
by the assumed residual CP transformations, and the lepton mixing matrix including the
Majorana phases can be completely fixed up to permutations of rows and columns [26]. As
a result, the R-matrix would be a permutation matrix with nonzero element equal to ±1,
and the flavoured CP asymmetry α would vanish, as shown in Appendix A.2.
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Figure 6: Predictions for YB/Y
obs
B as a function of η for the case C23, where we take M1 = 5 × 1011 GeV,
the lightest neutrino mass m1(orm3) = 0.01eV, and the Dirac phase δCP = −pi/2. The neutrino oscillation
parameters θ12, θ13, θ23, ∆m
2
21 and ∆m
2
31 (or ∆m
2
32) are fixed at their best fit values [4]. The red dotted, blue
long dashed, yellow solid, green dash-dotted and purple dash-dot-dotted lines correspond to α21−α31 = −pi,
−pi/2, 0, pi/2 and pi respectively. The experimental observed value Y obsB is represented by the horizontal
dashed line.
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4 Examples in S4 flavour symmetry and CP
As a benchmark example and a further check to our general results in section 3, we shall
study the case that the postulated two remnant CP transformations arise from the breaking
of the generalized CP symmetry compatible with the S4 group. Moreover, we assume that the
S4 flavour symmetry is broken down to an abelian subgroup Gl in the charged lepton sector,
and the charged lepton mass matrix can be taken to be diagonal by properly choosing the
basis. All possible lepton mixing patterns originating from this type of symmetry breaking
patterns have been exploited [16, 29, 30, 32, 33], five phenomenologically viable cases are
found, and concrete flavour models in which the breaking of S4 and CP symmetry is achieved
dynamically have been constructed [29, 30, 32, 33].
We shall adopt the conventions and notations of Ref. [29] for the S4 group. All the 24
elements of S4 group can be generated by three generators S, T and U which fulfill the
following relations:
S2 = T 3 = U2 = (ST )3 = (SU)2 = (TU)2 = (STU)4 = 1 . (4.1)
The group S4 admits five irreducible representations: 1, 1
′, 2, 3 and 3′, where each repre-
sentation is labelled by its dimension. For the triplet representation 3, the representation
matrices of the three generators are given by
S =
1
3
−1 2 22 −1 2
2 2 −1
 , T =
1 0 00 e4ipi/3 0
0 0 e2ipi/3
 , U = −
1 0 00 0 1
0 1 0
 , (4.2)
where the abstract group element and its representation matrix are denoted by the same
notation for simplicity. For the representation 3′, the generators U is simply opposite in
sign with respect to that in the 3. We assign the three generations of left-handed leptons
to the three dimensional representation 3, and 3′ would lead to the results for both flavour
mixing and leptogenesis. Systematical and comprehensive studies have revealed that there
are five possible cases which can accommodate the experimental measured values of the
lepton mixing angles for certain values of the parameter θ. The corresponding residual
symmetries are summarized in table 4. In the following, we shall apply the general formalism
of section 3 to discuss the predictions for leptogenesis in each case.
Gl (Xν1, Xν2)
(i)
ZT3
(1, S)
(ii) (U, SU)
(iii) (1, SU)
(iv) (U, S)
(v) ZTST
2U
4 (TST
2U, T 2)
Table 4: The residual symmetries of the five phenomenologically interesting cases within S4 flavour symmetry
and CP. Here ZT3 and Z
TST 2U
4 denote the Z3 and Z4 subgroups of S4 generated by T and TST
2U respectively.
All three mixing angles can be in accordance with experimental data in theses cases.
Case (i): Gl = ZT3 and (Xν1, Xν2) = (1, S)
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In this case, the parameters ϕ, φ, ρ, κ1, κ2 and κ3 are determined to be
ϕ = arccos
1√
3
, φ =
pi
4
, ρ = 0 , κ1 = 0 , κ2 = 0 , κ3 = 0 . (4.3)
The generated residual flavour symmetry is Gν = Xν1X
∗
ν2 = S, and it fixes one column of
the mixing matrix
v1 =
 cosϕsinϕ cosφ
sinϕ sinφ
 = 1√
3
11
1
 , (4.4)
which can only be the second column of the mixing matrix to be compatible with data [4].
Therefore the permutation matrix Pν should be P213 or P231, and in fact these two permu-
tations lead to the same mixing pattern if a redefinition of the free parameter θ is taken
into account. Substituting the parameter values of Eq. (4.3) into the general expression for
mixing matrix in Eq. (3.15), we obtain
U =
1√
6
 2 cos θ √2 2 sin θ− cos θ −√3 sin θ √2 − sin θ +√3 cos θ
− cos θ +√3 sin θ √2 − sin θ −√3 cos θ
 X̂− 12ν1 , (4.5)
which gives rise to
sinα21 = sinα31 = sin δCP = 0 ,
sin2 θ13 =
2
3
sin2 θ, sin2 θ12 =
1
2 + cos 2θ
, sin2 θ23 =
1
2
−
√
3 sin 2θ
2(2 + cos 2θ)
. (4.6)
The mixing matrix and mixing parameters exactly coincide with those of Refs. [16, 29]. We
see that all the three CP violating phases are conserved so that the rephasing invariants are
zero,
Ie13 = I
µ
13 = I
τ
13 = 0 . (4.7)
The reason for the vanishing is because κ2 = κ3, as pointed out below Eq. (3.35). Hence
the leptogenesis CP asymmetries are also zero e = µ = τ = 0 and consequently the net
baryon asymmetry can not be generated in this case except that the residual symmetries
are further broken by higher order contributions. In general, if either Xν1 or Xν2 is an
identity matrix in the charged lepton diagonal basis, κ2 = κ3 would be fulfilled so that the
asymmetry parameter α would vanish.
Case (ii): Gl = ZT3 and (Xν1, Xν2) = (U, SU)
For our parametrization of the residual CP transformations in Eq. (3.13), we can choose
the parameter values as,
ϕ = arccos
1√
3
, φ =
pi
4
, ρ = 0 , κ1 = pi , κ2 = pi , κ3 = 0 . (4.8)
Utilizing the master formula for the mixing matrix in Eq. (3.15), we have
U =
i√
6
 2 cos θ √2 2 sin θ− cos θ + i√3 sin θ √2 − sin θ − i√3 cos θ
− cos θ − i√3 sin θ √2 − sin θ + i√3 cos θ
 X̂− 12ν1 , (4.9)
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where we have chosen Pν = P213 such that the R-matrix takes the form of C13. We can read
out the mixing angles as well as CP violating phases :
sinα21 = sinα31 = 0, |sin δCP | = 1,
sin2 θ13 =
2
3
sin2 θ, sin2 θ12 =
1
2 + cos 2θ
, sin2 θ23 =
1
2
. (4.10)
Note that both atmospheric mixing angle θ23 and Dirac CP phase δCP are maximal in this
case. Accordingly the rephase invariants are found to be
Ie13 = 0, I
µ
13 = −
1
2
√
3
, Iτ13 =
1
2
√
3
, (4.11)
which implies
e = 0, µ = −τ . (4.12)
For the washout parameter m˜α, we find
m˜e =
1
3
[
m1R
′2
11 +m3R
′2
13 +
(
m1R
′2
11 −m3R′213
)
cos 2θ + 2
√
m1m3R
′
11R
′
13 sin 2θ
]
,
m˜µ =
1
6
[
2
(
m1R
′2
11 +m3R
′2
13
)− (m1R′211 −m3R′213) cos 2θ − 2√m1m3R′11R′13 sin 2θ] ,
m˜τ =
1
6
[
2
(
m1R
′2
11 +m3R
′2
13
)− (m1R′211 −m3R′213) cos 2θ − 2√m1m3R′11R′13 sin 2θ] .(4.13)
The parametrization of R′11 and R
′
13 for different values of Kj is listed in table 2. We see
R′11R
′
13 is cos η sin η or cosh η sinh η. If η and θ are replaced by −η and −θ respectively, the
washout mass m˜α remains invariant, the CP asymmetry α changes sign, and consequently
the baryon asymmetry YB would change sign as well. For the measured values of the reactor
angle sin2 θ13 ' 0.0218 [4], we find θ = ±10.418◦ and the solar mixing angle sin2 θ12 ' 0.341
which is within the 3σ range [4]. The predictions for YB as a function of η are plotted in
figure 7. We see that the correct value of YB can be reproduced for certain values of η
except in the case of NH with (K1, K2, K3) = (−,,+).
Case (iii): Gl = ZT3 and (Xν1, Xν2) = (1, SU)
These two desired residual CP transformations can be reproduced for
ϕ = arcsin
1√
3
, φ =
5pi
4
, ρ = 0 , κ1 = 0 , κ2 = 0 , κ3 = 0 . (4.14)
One can check that one column of the mixing matrix takes the form (2,−1,−1)T/√6 which
is the first column of the tri-bimaximal mixing pattern. We find the lepton mixing matrix
is
U =
1√
6
 2 √2 cos θ √2 sin θ−1 √2 cos θ +√3 sin θ √2 sin θ −√3 cos θ
−1 √2 cos θ −√3 sin θ √2 sin θ +√3 cos θ
 X̂− 12ν1 , (4.15)
where we take Pν = P123 = 1 in order to be in accordance with experimental data. The
lepton mixing parameters can be straightforwardly extracted as
sinα21 = sinα31 = sin δCP = 0 ,
sin2 θ13 =
1
3
sin2 θ, sin2 θ12 =
cos2 θ
2 + cos2 θ
, sin2 θ23 =
1
2
−
√
6 sin 2θ
5 + cos 2θ
. (4.16)
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Figure 7: The variation YB/Y
obs
B with respect to the parameter η in case (ii), where we choose M1 =
5×1011 GeV and the lightest neutrino mass m1(orm3) = 0.01eV. The parameter θ is taken to θ = ±10.418◦
in order to accommodate the measured value of θ13 [4]. The red solid, blue dotted, green dash-dotted lines
correspond to (K1,K2,K3) = (+,,+), (+,,−), and (−,,+) respectively. The experimental observed
value Y obsB is represented by the horizontal dashed line.
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This mixing pattern predicts both rephase invariant Iα23 and CP asymmetry α to be van-
ishing :
Ie23 = I
µ
23 = I
τ
23 = 0, e = µ = τ = 0 . (4.17)
This is because the remnant CP transformation Xν1 is a unit matrix and consequently we
have κ2 = κ3 = 0. As a result, although the experimentally measured values of the mixing
angles can be accommodated, moderate subleading corrections are necessary in order to
describe the baryon asymmetry.
Case (iv): Gl = ZT3 and (Xν1, Xν2) = (U, S)
In this case, the imposed residual CP transformations entail the values of ϕ, φ, ρ, κ1, κ2
and κ3 are
ϕ = arcsin
1√
3
, φ =
5pi
4
, ρ = 0 , κ1 = pi , κ2 = pi , κ3 = 2pi . (4.18)
Similar to previous case, one column of the mixing matrix is fixed to be (2,−1,−1)T/√6
by the residual flavour symmetry Gν = Xν1X
∗
ν2 = SU . We obtain the mixing pattern is
U =
i√
6
 2 √2 cos θ √2 sin θ−1 √2 cos θ + i√3 sin θ √2 sin θ − i√3 cos θ
−1 √2 cos θ − i√3 sin θ √2 sin θ + i√3 cos θ
 X̂− 12ν1 , (4.19)
where Pν = P123 = 1 is taken. Therefore the R-matrix takes the form of C23 in which R12
and R13 are nonzero. The mixing parameters read as
sinα21 = sinα31 = 0, |sin δCP | = 1,
sin2 θ13 =
1
3
sin2 θ, sin2 θ12 =
cos2 θ
2 + cos2 θ
, sin2 θ23 =
1
2
. (4.20)
Note that both mixing matrix and mixing parameters are the same as those of Refs. [16, 32].
We find that the rephasing invariant Iα23 is
Ie23 = 0, I
µ
23 =
1√
6
, Iτ23 = −
1√
6
, (4.21)
which gives rise to
e = 0, µ = −τ . (4.22)
The washout mass m˜α is given by
m˜e =
1
6
[
m2R
′2
12 +m3R
′2
13 +
(
m2R
′2
12 −m3R′213
)
cos 2θ + 2
√
m2m3R
′
12R
′
13 sin 2θ
]
,
m˜µ =
1
12
[
5
(
m2R
′2
12 +m3R
′2
13
)− (m2R′212 −m3R′213) cos 2θ − 2√m2m3R′12R′13 sin 2θ] ,
m˜τ =
1
12
[
5
(
m2R
′2
12 +m3R
′2
13
)− (m2R′212 −m3R′213) cos 2θ − 2√m2m3R′12R′13 sin 2θ] .(4.23)
The best fit value of the reactor mixing angle sin2 θ13 ' 0.0218 [4] leads to θ = ±14.817◦.
With this value, we get the solar angles sin2 θ12 ' 0.318 which is compatible with the
experimentally favored region [4]. The numerical results for the baryon asymmetry are
displayed in figure 8. It is easy to see that the observed baryon asymmetry can be gener-
ated via leptogenesis except in the case of NH with (K1, K2, K3) = (,−,+) and IH with
(K1, K2, K3) = (,+,−).
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Figure 8: The variation YB/Y
obs
B with respect to the parameter η in case (iv), where we choose M1 =
5×1011 GeV and the lightest neutrino mass m1(orm3) = 0.01eV. The parameter θ is taken to θ = ±14.817◦
in order to accommodate the measured value of θ13 [4]. The red solid, blue dotted, green dash-dotted lines
correspond to (K1,K2,K3) = (,+,+), (,+,−), and (,−,+) respectively. The experimental observed
value Y obsB is represented by the horizontal dashed line.
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Case (v): Gl = ZTST 2U4 and (Xν1, Xν2) = (TST 2U, T 2)
The residual subgroup Gl = ZTST 2U4 in the charged lepton sector implies that the combina-
tion mlm
†
l is invariant under the transformation TST
2U , i.e.(
TST 2U
)†
mlm
†
l
(
TST 2U
)
= mlm
†
l , (4.24)
from which we learn that TST 2U and mlm
†
l are commutable. Therefore both of them are
diagonalized by the same unitary matrix Ul as follows
U †lmlm
†
lUl = diag(m
2
e,m
2
µ,m
2
τ ), U
†
l
(
TST 2U
)
Ul = diag(i, 1,−i) , (4.25)
with
Ul =
1
2
√
3
 2e
ipi
4 2 − 2e 3ipi4
− (1−√3) e ipi4 2 (1 +√3) e 3ipi4
− (1 +√3) e ipi4 2 (1−√3) e 3ipi4
 . (4.26)
Subsequently we perform a change of basis with the unitary matrix Ul to go to the charged
lepton mass matrix diagonal basis. Then the residual CP transformations Xν1 and Xν2
become
X ′ν1 = U
†
l Xν1U
∗
l = 1, X
′
ν2 = U
†
l Xν2U
∗
l =
1
2
−1 √2 1√2 0 √2
1
√
2 − 1
 , (4.27)
which yield
ϕ =
pi
3
, φ = arcsin
1√
3
, ρ = arccos
1√
3
, κ1 = 0 , κ2 = 0 , κ3 = 0 . (4.28)
Using the predicted formula Eq. (3.15) for the mixing matrix, we have
U =
1
2
sin θ +√2 cos θ 1 cos θ −√2 sin θ−√2 sin θ √2 −√2 cos θ
sin θ −√2 cos θ 1 cos θ +√2 sin θ
 X̂− 12ν1 . (4.29)
We see one column of the mixing matrix is (1,
√
2, 1)T/2 which should be the second column
of the mixing matrix in order to accommodate the experimental data. Hence we take the
permutation matrix Pν = P231. The mixing angles and CP violating phases are
sinα21 = sinα31 = sin δCP = 0 , sin
2 θ13 =
1
8
(
3− cos 2θ − 2
√
2 sin 2θ
)
,
sin2 θ12 =
2
5 + cos 2θ + 2
√
2 sin 2θ
, sin2 θ23 =
4 cos2 θ
5 + cos 2θ + 2
√
2 sin 2θ
. (4.30)
Since κ2 = κ3 is fulfilled in this case, both I
α
13 and α are vanishing,
Ie13 = I
µ
13 = I
τ
13 = 0, e = µ = τ = 0 . (4.31)
As a result, YB is predicted to be zero and the postulated residual symmetry should be
broken by higher order contributions to make the leptogenesis viable.
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5 Summary and conclusions
Baryogenesis via leptogenesis is a simple mechanism to explain the observed baryon asym-
metry of the Universe. Leptogenesis is a natural outcome of the seesaw mechanism which
provides a very elegant and attractive explanation of the smallness of the neutrino masses.
In general there is no direct connection between the leptogenesis CP violating parameters
and the low energy leptonic CP violating parameters (i.e. Dirac and Majorana phases) in
the mixing matrix.
We have considered leptogenesis in the presence of a discrete flavour symmetry, which
has been widely used to understand lepton mixing angles, extended to include CP symme-
try in order to predict CP violating phases. In this approach, the lepton flavour mixing
and CP phases are constrained by the residual discrete flavour and CP symmetries of the
neutrino and charged lepton mass matrices. In this paper, we have shown that leptogenesis
is similarly constrained by the residual discrete flavour and CP symmetries of the neutrino
and charged lepton sector, suitably extended to include three RH neutrinos as in the type-I
seesaw mechanism.
We have shown that if two residual CP transformations (or equivalent a Z2 flavour
symmetry and a CP symmetry) are preserved in the neutrino sector, then the lepton mixing
angles and CP violating phases are determined in terms of a real parameter θ, and the R-
matrix in Casas-Ibarra parametrization depends on only a single real parameter η. We have
presented the most general parametrization of the residual CP transformations and the R-
matrix. We find that the CP asymmetry parameter α is independent of the free parameter θ,
and vanishes in the case of κ2 = κ3. In particular, the flavour CP asymmetries and the baryon
asymmetry are due exclusively to the Dirac and Majorana CP phases in the mixing matrix
U . As a result, observation of CP violation in neutrino oscillation and neutrinoless double
beta decay would generically imply the existence of a nonvanishing baryon asymmetry.
Since the element of the R-matrix is constrained to be either real or purely imaginary
by the residual CP transformation, the total lepton charge asymmetry 1 ≡ e + µ + τ is
predicted to be zero. Therefore leptogenesis cannot proceed if it takes place at a temperature
T ∼M1 > 1012 GeV. In the present paper, we are concerned with the interval of 109 GeV ≤
M1 ≤ 1012 GeV such that the lepton flavour effects become relevant in leptogenesis. We
have shown that the observed baryon asymmetry can be produced only for certain forms of
the R-matrix. If there are three or four residual CP transformations in the neutrino sector, a
Klein four remnant flavour symmetry can be generated by the residual CP transformations,
and the CP asymmetry α would be vanishing.
We emphasise that the formalism presented here is quite general, and independent of the
dynamics responsible for achieving the assumed residual symmetry. Therefore the formalism
may be applied to any theory in which there is some residual flavour and CP symmetry. In
particular, once the residual CP transformations are specified, the predictions for the mixing
matrix and the baryon asymmetry can be easily obtained by using our formula. As a example,
we have applied the formalism to the case that the residual CP transformations arise from
the breaking of the generalized CP symmetry compatible with the S4 flavour symmetry
group. We have demonstrated that the previous known results for the PMNS matrix and
mixing parameters in previous literature are reproduced exactly. Moreover, we have shown
that the correct size of the baryon asymmetry can be generated for two cases which predict
maximal atmospheric mixing angle and maximal Dirac phase, whereas it is precisely zero in
the other cases where low energy CP is conserved.
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Appendix
A Leptogenesis and flavour symemtry
In this section, we shall analyze the implications for the leptogenesis if only flavour symmetry
(not CP symmetry) is imposed on the theory. We shall study two scenarios in which either
a Z2 or a Klein four residual flavour symmetry is preserved by the seesaw Lagrangian of
Eq. (2.1).
A.1 Z2 residual flavour symmetry
Under the action of a generic Z2 residual flavour symmetry, the neutrinos fields transforms
as follows
νL 7−→ GννL , NR 7−→ ĜNNR , (A.1)
where both Gν and ĜN are 3× 3 unitary matrices with G2ν = Ĝ2N = 1. For the symmetry to
hold, the Yukawa coupling matrix λ and the RH neutrino mass matrix M should fulfill
Ĝ†NλGν = λ , Ĝ
†
NMĜ
∗
N = M . (A.2)
Since M ≡ diag (M1,M2,M3) is diagonal withM1 6= M2 6= M3, the symmetry transformation
ĜN should be a diagonal matrix with entries ±1, i.e.
ĜN = diag (±1,±1,±1) . (A.3)
The effective light neutrino mass matrix mν is also invariant under the residual flavour
symmetry transformation of Eq. (A.1),
GTνmνGν = mν , (A.4)
which leads to
U †GνU = Ĝν , with Ĝν = diag (±1,±1,±1) . (A.5)
From Eq. (A.2) and Eq. (A.5), we can derive that theR-matrix in the Casas-Ibarra parametriza-
tion has to satisfy
R = ĜNRĜν . (A.6)
Most generally ĜN and Ĝν can be written as
ĜN = P
T
Ndiag (1,−1,−1)PN , Ĝν = P Tν diag (1,−1,−1)Pν , (A.7)
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where PN and Pν are permutation matrices shown in Eq. (3.17). Then Eq. (A.6) implies
that the R-matrix is block diagonal:
PNRP
T
ν =
× 0 00 × ×
0 × ×
 , (A.8)
Because R is an orthogonal matrix, consequently it can be generically parameterized as
PNRP
T
ν =
±1 0 00 cos(ηR + iηI) sin(ηR + iηI)
0 − sin(ηR + iηI) cos(ηR + iηI)
 , (A.9)
where ηR and ηI are real, cos(ηR + iηI) ≡ cosh ηI cos ηR− i sinh ηI sin ηR, and sin(ηR + iηI) ≡
cosh ηI sin ηR + i sinh ηI cos ηR. This indicates that R-matrix would depend on two real
parameters in the presence of a residual Z2 flavour symmetry.
As regards the lepton mixing matrix U , from Eq. (A.5), we know that only one column
of U is fixed by the residual Z2 flavour symmetry, it is exactly the eigenvector of Gν with
eigenvalues +1, and it can be parameterized as
v1 =
 cosϕsinϕ cosφ
sinϕ sinφ
 , (A.10)
where the phase of each element has been absorbed into the charged lepton fields. Accord-
ingly Gν is
Gν = 2v1v
†
1 − 1 . (A.11)
The other two columns of the mixing matrix U are not constrained, and they can be obtained
from any orthonormal pair of basis vectors v′ and v′′ in the plane orthogonal to v1 by a unitary
rotation. As a result, U is determined to be of the form
U = (v1, v
′, v′′)
eiα1 0 00 cosϑeiα2 sinϑei(α3+α4)
0 − sinϑei(α2−α4) cosϑeiα3
Pν , (A.12)
where
v′ =
 sinϕ− cosϕ cosφ
− cosϕ sinφ
 , v′′ =
 0sinφ
− cosφ
 , (A.13)
which have the properties v†1v
′ = v†1v
′′ = v′†v′′ = 0. Notice that the Majorana CP violating
phase can not be can not be predicted in this approach. If the values of φ and ϕ are input
such that the residual flavour symmetry Gν is fixed, one can straightforwardly calculate
the asymmetry α and the washout mass m˜α by Eq. (2.9) and Eq. (2.11) respectively, and
subsequently the baryon asymmetry YB can be determined. Obviously the present scenario
is relatively less predictive than the residual CP scheme discussed in section 3. However,
the totally CP asymmetry 1 is generically nonzero in this case such that the experimentally
observed baryon asymmetry could possibly be generated even if T ∼M1 > 1012 GeV.
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A.2 K4 residual flavour symmetry
We proceed to consider the case that the residual flavour symmetry in the neutrino sector
is the full Klein four group K4, under which νL and NR transform as
Flavour1 : νL 7−→ Gν1νL , NR 7−→ ĜN1NR ,
Flavour2 : νL 7−→ Gν2νL , NR 7−→ ĜN2NR ,
Flavour3 : νL 7−→ Gν3νL , NR 7−→ ĜN3NR . (A.14)
The transformations Gν1, Gν2 and Gν3 as well as ĜN1, ĜN2 and ĜN3 generate a Klein group,
consequently they satisfy the following conditions:
G2νi = 1, GνiGνj = GνjGνi = Gνk,
Ĝ2Ni = 1, ĜNiĜNj = ĜNjĜNi = ĜNk, with i 6= j 6= k . (A.15)
The invariance of λ, M and mν under the assumed flavour symmetry transformations in
Eq. (A.14) gives rise to
Ĝ†N1λGν1 = λ, Ĝ
†
N1MĜ
∗
N1 = M, G
T
ν1mνGν1 = mν ,
Ĝ†N2λGν2 = λ, Ĝ
†
N2MĜ
∗
N2 = M, G
T
ν2mνGν2 = mν ,
Ĝ†N3λGν3 = λ, Ĝ
†
N3MĜ
∗
N3 = M, G
T
ν3mνGν3 = mν . (A.16)
It follows that all the three transformations Gν1, Gν2 and Gν3 should be diagonalized by the
mixing matrix U :
U †Gν1U = Ĝν1, U †Gν2U = Ĝν2, U †Gν3U = Ĝν3 . (A.17)
In our working basis, Ĝν1, Ĝν2, Ĝν3 and ĜN1, ĜN2, ĜN3 are all diagonal matrices with entries
±1, and they can be conveniently written as
Ĝν1 = P
T
ν diag(1,−1,−1)Pν , Ĝν2 = P Tν diag(−1, 1,−1)Pν , Ĝν3 = P Tν diag(−1,−1, 1)Pν ,
ĜN1 = P
T
Ndiag(1,−1,−1)PN , ĜN2 = P TNdiag(−1, 1,−1)PN , ĜN3 = P TNdiag(−1,−1, 1)PN ,(A.18)
where Pν and PN are generic permutation matrices. In the same fashion as previous section,
we find that the R-matrix is subject to the following constraints,
R = ĜN1RĜν1 , R = ĜN2RĜν2 , R = ĜN3RĜν3 , (A.19)
from which we can derive that the R-matrix has to be of the form
PNRP
T
ν =
±1 0 00 ±1 0
0 0 ±1
 . (A.20)
This indicates that each row of R only has a unique nonvanishing element equal to ±1 such
that the asymmetry α vanishes
α = 0 . (A.21)
This result is independent of the detailed form of the residual K4 flavour symmetry trans-
formation. It is demonstrated that generally the leptogenesis CP asymmetries vanish in
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the limit of exact flavour symmetry [61]. however, the flavour symmetry must be broken
in practical model building. Here we show the CP asymmetry is still zero, provided a K4
residual subgroup is preserved in the neutrino sector.
In the end, we would like to present a parametrization for the residual flavour symmetry
transformations Gν1, Gν2 and Gν3. Each Gνi has a unique eigenvector with eigenvalue +1.
Since Gνi commutes with Gνj, vi is orthogonal to vj for i 6= j. As previously mentioned, v1
can be taken to be given by Eq. (A.10), and then the remaining two vectors v2 and v3 can
be expressed as
v2 = v
′ cos ζeiβ2 − v′′ sin ζei(β2−β4), v3 = v′ sin ζei(β3+β4) + v′′ cos ζeiβ3 , (A.22)
which lead to
Gν1 = 2v1v
†
1 − 1, Gν2 = 2v2v†2 − 1, Gν3 = 2v3v†3 − 1 . (A.23)
From Eq. (A.17), we can see that the three vectors v1, v2 and v3 compose the mixing matrix
U up to permutations and phases of columns, i.e.
U = (v1, v2, v3) diag
(
eiγ1 , eiγ2 , eiγ3
)
Pν , (A.24)
where γ1, γ2 and γ3 are arbitrary real parameters such that the Majorana phases can not
be predicted as well in this setup. The lepton mixing matrix can be straightforwardly
reconstructed via the formula Eq. (A.24) for any given residual K4 flavour symmetry.
B Basis independence
In the present paper, we work in the basis in which both the charged lepton mass matrix
and the RH neutrino mass matrix are diagonal. This basis is very convenient to study
leptogenesis, and it would be called “leptogenesis basis” in the following. However, in a
specific model, generally the RH neutrino mass matrix is not diagonal although one can
always choose appropriate basis to make the charged lepton mass matrix diagonal. In the
following, we shall show that the general results reached in section 3 and appendix A remain
true even if the RH neutrino mass matrix is not diagonal in a model basis.
After electroweak and flavour symmetry breaking, the Lagrangian for the lepton masses
in a model can be generally written as
− Lmod = yαL¯αHlαR + λmodiα N¯iRH˜†Lα +
1
2
Mmodij N¯iRN
c
jR + h.c. . (B.1)
We denote the unitary matrix that diagonalizesMmod as UN with U
†
NM
modU∗N = diag(M1,M2,M3) ≡
M . In the same fashion as section 3, we shall consider the case that two CP transformations
are preserved by the above neutrino mass terms,
CP1 : νL 7−→ iXν1γ0νcL , NR 7−→ iXN1γ0N cR ,
CP2 : νL 7−→ iXν2γ0νcL , NR 7−→ iXN2γ0N cR . (B.2)
Note that XN1 and XN2 could be non-diagonal matrices as the RH neutrino mass matrix
Mmod is not diagonal. The invariance of λmod and Mmod under the CP transformations of
Eq. (B.2) requires
X†N1λ
modXν1 =
(
λmod
)∗
, X†N1M
modX∗N1 =
(
Mmod
)∗
, (B.3a)
X†N2λ
modXν2 =
(
λmode
)∗
, X†N2M
modX∗N2 =
(
Mmod
)∗
. (B.3b)
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From the invariant conditions of Mmod, one can derive the following relations :
UTX†N1UN = X̂N1, U
TX†N2UN = X̂N2 , (B.4)
where X̂N1, X̂N2 = diag(±1,±1,±1). We can go from the model basis to the leptogenesis
basis by performing the unitary transformation NR → UNNR. Consequently the neutrino
Yukawa coupling matrices in these two basis are related by
λ = U †Nλ
mod . (B.5)
Using Eq. (B.3) and Eq. (B.4), it is straightforward to check that λ is subject to the following
constraints
X̂†N1λXν1 = λ
∗, X̂†N2λXν2 = λ
∗ , (B.6)
which is exactly the same as that of Eq. (3.2). As a consequence, all the model independent
results in section 3 are kept intact.
Then we proceed to discuss the case that the Lagrangian Lmod is invariant under the
action of a residual Z2 flavour symmetry transformation
νL 7−→ GννL , NR 7−→ GNNR , (B.7)
with G2ν = G
2
N = 1. Then λ
mod and Mmod must satisfy
G†Nλ
modGν = λ
mod , G†NM
modG∗N = M
mod . (B.8)
It follows from the last equality that G†N is diagonalized by UN ,
U †NG
†
NUN = ĜN , with ĜN = diag(±1,±1,±1) . (B.9)
We can check that the crucial condition Ĝ†NλGν = λ in Eq. (A.2) is fulfilled as follows,
Ĝ†NλGν = Ĝ
†U †Nλ
modGν = U
†
NG
†
Nλ
modGν = U
†
Nλ
mod = λ . (B.10)
That is to say, the same constrain on λ is obtained even if the RH neutrino mass matrix
is non-diagonal in a model. Therefore the consequences of residual flavour symmetry for
leptogenesis found in Appendix A remain true.
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